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We derive an expression for cyclotron frequency  c , which sets Re关 ⑀ ⫹ ⑀ ⫺ 兴 ⫽1 in a magneto-optic
共MO兲 substrate, at any incident photon energy. Thereby, at any desired part of the optical spectrum,
large Kerr effects can be obtained, which are generally known to occur either at the
free-charge-carrier-plasma-resonance frequency  p , or at frequencies where active electronic
transitions take place. Under these conditions,  p is seen to play a very different role; it is seen that
for any , the magnitude of the Kerr resonance in a single MO 共InSb here兲 substrate increases with
decreasing  p . With the objective of achieving further Kerr enhancement, the effect of coating a
thin film of this  c -coupled InSb layer on a Ag substrate is numerically studied. Further Kerr
enhancement, at the plasma-resonance frequency of Ag, is seen, which is dependent on the thickness
of the MO layer and its  p . In this configuration, giant resonances appear in the
effective-dielectric-tensor spectra. The spectral locations of these resonances are dependent on the
thickness of the MO layer. We interpret these resonance structures to be the effective cyclotron
resonance. Our results suggest that there exists a strong correlation between the effective-cyclotron
frequency and the plasma-resonance frequency of the noble. © 2003 American Institute of
Physics. 关DOI: 10.1063/1.1523141兴

I. INTRODUCTION

field兲 in the framework of the Drude model, that satisfies the
‘‘Re关 ⑀ ⫹ , ⑀ ⫺ 兴 ⬇1’’ resonance condition, and thus enables
large Kerr rotations to be obtained at any given incident photon energy, which is not necessarily in the vicinity of either
plasma-resonance-frequency or inter/intraband transitions.
In the case of MO layers embedded in metallic matrices,
further enhancement of MOKE has been seen. This has been
more widely attributed to the plasma resonance of free carriers in nonmagnetic noble metals,13–15 and to free electrons
at the Fermi surface in quantum-well models.16 –18 Hence, the
cyclotron-frequency condition derived here is numerically
coupled to a MO thin film, and its effects on the MOKE
spectrum and the dielectric-tensor spectrum are studied by
depositing it on a noble metal 共NM兲 substrate.
The MO and NM selected here were InSb and Ag, respectively. Multiple reflection and interface effects within the
medium were taken into account by using Fresnel’s formulas. Some preliminary theoretical background for the freecharge-carrier Drude model and the derivations, are provided
next, followed by discussion of the numerical results.

Other than its use for the read out of magneto-optic
共MO兲 digital storage systems, the magneto-optic Kerr effect
共MOKE兲, particularly in the polar configuration, is one of the
prime techniques to probe various magnetic properties, such
as surface magnetism, multilayer-magnetic interlayer coupling and magnetic anisotropies.1–3 Understanding the behavior of an optically active material begins with measurements that characterize material behavior. The resultant
measurements can be explained, macroscopically, in terms of
the dielectric tensor properties of the material, which are
related to its band structure. This allows the Kerr effect to be
used as a method to reveal details about electronic interband,
as well as intraband, transitions,4,5 especially in transitionmetal and rare-earth compounds. However, the origin of
large MOKE still remains under dispute6 and has been attributed to numerous factors,5,7–9 mostly to active inter/
intraband electronic transitions and to spin-orbit coupling. It
has also been suggested that large resonance-shaped enhancements in the Kerr spectrum occur where Re( ⑀ xx )⬇1, 10
which is mostly in the vicinity of the plasma-resonance frequency of free-charge carriers. In Ref. 11, we numerically
studied the MOKE enhancement in a plasma resonance,
Re( ⑀ xx )⬇1, coupled MO media in various thin-film configurations, where ‘‘Re( ⑀ xx )⫽1’’ holds true at all incident photon energies. However, we have recently shown that in the
event of a large reflection edge split, the resonance-shaped
enhancements in the Kerr spectrum occur at Re关 ⑀ ⫹ ⑀ 关 ⫺ 兴 兴
⬇1 共Ref. 12兲 instead.
Therefore, in this article we derive an expression for the
cyclotron frequency 共which is dependent on the magnetic

II. MACROSCOPIC THEORY OF POLAR MOKE

The dielectric response of a medium can be described by
Maxwell’s equations, whereby the propagation of an electromagnetic wave in a material can be described by the electric
and magnetic permeability tensors ⑀ and . Ignoring nonlinear effects and assuming that ⫽1 at optical frequencies, the
complex dielectric tensor can be simplified due to the symmetry in the configuration of the problem. In general, for
most MO media, the dielectric tensor is symmetric in the
absence of a magnetic field. This is particularly true for cubic
crystals, where the dielectric tensor is symmetric about the
optic axis and can be treated as a scalar. On the application
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of a magnetic field in the z direction, the time reversal symmetry in the dielectric tensor is broken and can be expressed
in terms of its dispersive and absorptive components as

⑀ xx
⑀ ⫽⫺ ⫺i ⑀ xy
0

i ⑀ xy

0

⑀yy

0.
⑀ zz

0

共1兲

The real component of the diagonal elements represent the
ordinary optical absorption and the imaginary component of
the off-diagonal elements represents the MO absorption,
which is proportional to the difference in absorption between
left and right circularly polarized light. Therefore, the eigenvalues of the dielectric function tensor can be expressed in
terms of the complex index of refraction as
2
⫽ ⑀ xx ⫾i ⑀ xy ⫽ ⑀ ⫾ .
ñ ⫾

共2兲

Here, the ‘‘⫹’’ and ‘‘⫺’’ signs, respectively, represent right
circularly polarized 共RCP兲 and left circularly polarized
共LCP兲 modes of wave propagation in a longitudinal magnetic
field, ñ ⫾ are the complex indices of refraction given by ñ ⫾
⫽n ⫾ ⫺ik ⫾ , and n ⫾ and k ⫾ are the refractive and absorptive
parts, respectively. In the polar-Kerr configuration, the magnetization is perpendicular to the surface and parallel to the
direction of light propagation. Since the eigenmodes are left
and right circular polarizations, and therefore the Kerr resonance 共KR兲, expressed as the phase different between the
two circularly polarized modes,19 and the Kerr ellipticity
共KE兲, expressed in terms of the complex reflection coefficients, are, respectively, given by

 K ⫽⫺ 21 共 ⌬ ⫹ ⫺⌬ ⫺ 兲 ,
Here,
r ⫾ and ⌬ ⫾ ⫽tan⫺1

冉

 K ⫽⫺

兩 r ⫹兩 ⫺ 兩 r ⫺兩
.
兩 r ⫹兩 ⫹ 兩 r ⫺兩

共3兲

冊

r r⫾
⫽⫺
j
log
2
2
n⫾
⫹k ⫾
⫺1
兩 r r⫾ 兩
⫺2k ⫾

are the Fresnel’s reflection coefficients at normal incidence
and the phase shifts, respectively, for LCP and RCP light.
Assuming that (⌬ ⫹ ⫺⌬ ⫺ ) is small and (r ⫹ ⫺r ⫺ ) 2
Ⰶ2r ⫹ ,r ⫺ , expressions for the complex polar MOKE given
by Eqs. 共3兲 and 共4兲 can be approximated to20
ñ ⫹ ⫺ñ ⫺
⌰ k ⫽  k ⫺i  k ⫽i
.
ñ ⫹ ñ ⫺ ⫺1

tions are added. The changes are largest in the vicinity of the
optical phonon frequencies. Hence, we can express the dielectric tensor in the polar-Kerr configuration, where Poynting vectors S储 B0 and E⬜B0 as1

冉

⑀ ⫾ ⫽ ⑀ ⬁ 1⫺

冊

 2p
 L2 ⫺  T2
⫹ 2
.
 共  ⫾  c ⫺i ␥ 兲 共  T ⫺  2 ⫹i⌫  兲

共5兲

where,  p ⫽(4  Ne 2 /m * ⑀ c ) 1/2 is the plasma frequency,  c
⫽He/m * c is the cyclotron frequency; ⑀ ⬁ is the background
dielectric constant,  L is the longitudinal phonon frequency,
 T is the transverse phonon frequency, ⌫ and ␥ are phonon
damping constants, H is the magnetic field, c is the speed of
light, e is the charge of an electron, m * is the effective mass,
N is the charge concentration, and ⑀ c is the dielectric constant of the medium.
The dielectric tensor for the two circular modes of
propagation can be separated into its real and imaginary
parts, respectively, as

冉

Re共 ⑀ ⫾ 兲 ⫽ ⑀ ⬁ 1⫺
⫹

 2p 共  ⫾  c 兲
 关共  ⫾  c 兲 2 ⫹ ␥ 2 兴

共  L2 ⫺  T2 兲共  T2 ⫺  2 兲
共  T2 ⫺  2 兲 2 ⫹ 共 ⌫  兲 2

Im共  ⫾ 兲 ⫽  ⬁
⫺

冉

冊

,

共6a兲

.

共6b兲

⫺  2p 共  ⫾  c 兲

 关共  ⫾  c 兲 2 ⫹ ␥ 2 兴
⌫  共  L2 ⫺  T2 兲

共  T2 ⫺  2 兲 2 ⫹ 共 ⌫  兲 2

冊

In Ref. 12 we have shown that in the event of a large reflection edge split, a pronounced enhancement in the MOKE
spectrum is expected in regions where Re( ⑀ ⫹ ⑀ ⫺ )⬇1, and
not necessarily in the vicinity of the plasma resonance of the
free-charge carriers. Hence, the first step in obtaining an expression for  c 关where, Re( ⑀ ⫹ ⑀ ⫺ )⬇1 holds true for all 
and  p ] would be to obtain an expression for Re( ⑀ ⫹ ⑀ ⫺ ). By
assuming that  ⫺  c Ⰷ ␥ , we ignore ␥ 2 terms in Eqs. 共6a兲
and 共6b兲, and obtain
Re共 ⑀ ⫹ ⑀ ⫺ 兲 ⫽ ⑀ ⬁2

共4兲

The Drude model is used here to describe the dielectric
tensor components of a polar semiconductor. The independent particle model consists of free-charge carriers in the
host lattice, which also contains an equal number of opposite
charges to maintain charge neutrality. Random thermal motion of the free carriers is altered into cyclotron orbits in a
plane perpendicular to the applied magnetic field. The application of a magnetic field also splits the plasma reflection
edge into two. The spectral separation between the two reflectivity minima, increases linearly20,21 with increasing magnetic field, thus changing the complex index of refraction
and inducing magnetic-circular bifrigence, and magneticcircular dichroism. In a polar semiconductor material such as
InSb, the MO effects would be altered when lattice vibra-

1121

冉

1⫹

 4p
 2 共  2 ⫺  2c 兲

⫺

2 共 1⫹A 兲  2p

冊

 2 ⫺  2c

⫹A 共 2⫹A 兲 ,

共7兲

where
A⫽

共  L2 ⫺  T2 兲共  T2 ⫺  2 兲
共  T2 ⫺  2 兲 2 ⫹⌫ 2  2

.

Thus, by substituting the Re( ⑀ ⫹ ⑀ ⫺ )⬇1 condition in Eq. 共7兲
we obtain an expression for  c :

 c⫽

冉

 4p
1⫹A
⫺  2p
⫹2
2
 共 2A⫺X 兲
A⫺0.5X

冊

1/2

,

共8兲

where
X⫽1/⑀ ⬁2 ⫺1.
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⫾
⫾ ⫺2 j ␤ 1
r 01
⫹r 12
e

r r⫾ ⫽

⫾

⫾ ⫾ ⫺2 j ␤ 1
1⫹r 01
r 12e

共10兲

.

In the polar-Kerr configuration the magnetization is perpendicular to the surface and parallel to the direction of light
propagation. The eigenmodes are left and right circular polarizations and thus the Fresnel’s reflection coefficients at
normal incidence of each interface are given by
⫾
⫽
r 01

1⫺n ⫾
1
1⫹n ⫾
1

⫾
and r 12
⫽

n⫾
1 ⫺n 2
n⫾
1 ⫹n 2

.

共11兲

The phase factor is given by

␤⫾
i ⫽
FIG. 1. Solution-curves showing real and imaginary parts of  c for various
values of  p .

Therefore, if the cyclotron frequency 共which is dependent on
applied magnetic field, magnetization of the sample, and
temperature兲 were made to vary as a function of incident
photon energy according to Eq. 共8兲, then a high KR could be
obtained at any desired wavelength. Figure 1 shows the real
and imaginary parts of  c for InSb as a function of  p and
. The optical constants for InSb were obtained from Ref.
17. Upper- and lower-bound limits for  p can be calculated
so as to keep  c real in the spectral window of interest.
These constraining factors can be obtained by equating  c
⫽0 in Eq. 共8兲 and solving for :

 2⫽

冉

冊

 2p
1⫹A
⫾ 冑A 2 ⫺6A⫹4X⫹1 .
A⫺X/2
2

共9兲

The solutions with the ‘‘⫺’’ sign gives the lower-bound limit
and the solution with the ‘‘⫹’’ sign gives the upper-bound
limit of the imaginary part of the curve in Fig. 1. The plasma
frequency should be selected such that it is either greater
than the highest incident photon energy or lesser than the
lowest incident photon energy in the spectral window of interest. We select the lower-bound limit, as this is more physical. The maximum limit of plasma frequency for this material was set to be 0.9 eV so as to keep  c real.
III. NUMERICAL ANALYSIS

The numbers 0, 1, and 2 are assigned to air, MO semiconductor material 共InSb兲, and noble metal 共Ag兲, respectively. Dispersive effects are taken into account in the photon
energy range of 1–5 eV for the refractive index of Ag,22 and
the refractive indices of the InSb were calculated from Eq.
共5兲, using the following optical constants: ⑀ ⬁ ⫽15.7,  L
⫽19 meV,  T ⫽17 meV, ⌫⫽1.2 meV, and ␥⫽0.6 meV.22
For any layered media, the polarized light beam experiences multiple reflections and interference effects in the thinfilm layer. The resultant reflection coefficient conveys information about the overall amplitude and phase shifts and can
be expressed as23,24

2 ⫾
n d ,
 i i

where d i is the thickness of the ith layer, and the intensity
reflectance of the layered system is R ⫾ ⫽ 兩 r r⫾ 兩 2 .
The KR and KE can, therefore, be obtained from the
resultant reflection coefficients. A figure of merit 共FOM兲 is
commonly used to characterize the performance of a
multilayer MO media. It is expressed as
FOM⫽ 冑 2k R a ,

共12兲

where
R a⫽

2
2
兩r⫹
兩⫹兩r⫺
兩

2

is the average reflectivity.
In Fig. 2 various MOKE parameters, for the MO substrate, 01 configuration, were plotted as a function of wavelength and for various  p 共0.2 eV, 0.8 eV兲. The KR as seen
in Fig. 2共a兲 is significantly higher for  p ⫽0.2 eV. At  p
⫽0.8 eV, the KR is nearly flat and is around ⬃1.6° and also
has very small KE throughout the optical spectrum. For  p
⫽0.2 eV, the KE curve is much higher and also the difference in the reflectivity for LCP and RCP is much larger than
at  p ⫽0.8. In general, for the 01 configuration, the FOM for
 p ⫽0.2 eV is relatively higher as compared to the  p ⫽0.2
eV case.
The effect of depositing a thin film of MO on a noble
substrate 共012 configuration兲 is studied next. The KR is expected to increase in this configuration, as the plasma resonance of free-charge carriers in the nonmagnetic metal 共i.e.,
where optical constants n Ag and k Ag are the lowest兲 would
alter the effective dielectric constant, which would aid in the
KR enhancement, accompanied by an enhancement in KE.
First we plot a three-dimensional graph for the KR and
average reflectivity, as shown in Fig. 3. This is done at
 p ⫽0.8 eV to show the simultaneous effect of varying  and
d 1 on the KR and average reflectivity. It is seen that higher
KR are seen only at certain incident photon energies. The KR
is ⬃0° at 1 eV for all d 1 , however, it experiences a sharp rise
as the incident photon energy is increased. The spectral occurrence of this rise is dependent on d 1 . At the same time
notice that the average reflectivity experiences minima in the
vicinity of the rise in the KR.
The thickness-dependent behavior of the MO layer on
the Ag substrate is examined in greater detail in the next set
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FIG. 2. 共a兲 Kerr rotation, 共b兲 Kerr ellipicity, 共c兲 reflectivity, and 共d兲 FOM
for the 01 configuration.

of graphs. In Fig. 4, we shown various MOKE parameters at
d 1 ⫽15 nm. Several interesting features are observed, most
notably the KE. Notice that in Fig. 4共b兲 a very sharp
resonance-like structure in the KE spectrum is observed at

FIG. 3. 共a兲 Kerr rotation and 共b兲 average reflectivity as a function of  and
d 1 , for the 012 configuration at  p ⫽0.8 eV.

the plasma resonance of Ag 共⬃3.8 eV兲. Similarly, in Fig. 4共a兲
the KR experiences a rise around the plasma resonance of
Ag. However, unlike in the case of the KE spectrum this
enhanced KR value remains locally invariant 3.8 eV onwards. In Fig. 4共c兲, notice that the reflection spectra for RCP
light closely resembles that of Ag near its plasma edge. The
LCP reflectivity for the different  p values is nearly indistinguishable. Overall, lower  p resulted in higher MOKE.
A further analysis of the 012 configuration is carried out
at d 1 ⫽40 nm in Fig. 5. In Fig. 5共a兲, it is shown that a further
enhancement of KR is observed at ⬃3.8 eV. The KR for
 p ⫽0.2 is greater than 3°. The local invariance seen in the
earlier KR figure is not seen any more around 3.8 eV, instead
a sharply rising peak is observed. In Fig. 5共b兲 it is seen that
the KE experiences a sharp resonance and rapidly changes
sign around 3.8 eV. The reflectivity for LCP is nearly invariant with respect to  p and bears very close resemblance to
that of a Ag substrate. The RCP shows a significantly different response to different  p , and it, too, experiences a minimum at the plasma resonance of Ag. It is important to point
out that under the present  c -coupled MO layer conditions,
the magnitude of the Kerr enhancement is dependent on the
plasma resonance of the MO layer, and that lower  p results
in higher MOKE, especially at the plasma resonance of Ag.
Overall, it is seen that when d 1 ⫽40 nm, the FOM increases
sharply at lower  . However, it also experiences a sharper
decline at the plasma-resonance frequency of Ag as compared to d 1 ⫽15 nm.
An interesting phenomenon is seen in the spectra of the
effective ⑀ xx and ⑀ xy in Fig. 6, which were calculated from
resultant reflectivity R r . Giant resonance are seen in the
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FIG. 4. 共a兲 Kerr rotation, 共b兲 Kerr ellipticity, 共c兲 reflectivty, and 共d兲 FOM
for the 012 configuration at d 1 ⫽15
nm,  p ⫽0.8 eV.

effective-dielectric-tensor spectrum for  p ⫽0.8 eV. The
spectral locations of these resonance vary with thickness d 1
and occur at longer wavelengths and become sharper with
increasing d 1 . In Fig. 7, the spectral locations of these resonances are plotted as a function of thickness d 1 ; subtle varia-

tions are also noted with respect to  p . We interpret these
resonances as the effective-cyclotron resonance, since the
cyclotron-resonance effect is generally seen only in the dielectric tensor spectra because of the functional form of ⑀ xx
and ⑀ xy , in the free-carrier Drude model.25 Hence, under the

FIG. 5. 共a兲 Kerr rotation, 共b兲 Kerr ellipticity, 共c兲 reflectivity, and 共d兲 FOM
for the 012 configuration at d 1 ⫽15
nm,  p ⫽0.8 eV.
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upper-bound value, beyond which no such resonances are
observed.
IV. SUMMARY

FIG. 6. Effective-dielectric-tensor spectra for the 012 configuration at  p
⫽0.8 eV.

present conditions for the 012 configuration an effectivecyclotron frequency can be generated simply by varying the
thickness of the MO layer. Our results suggest that as the
thickness of the MO layer decreases, the spectral limit of the
effective-cyclotron frequency is shifted towards the plasmaresonance frequency of the noble metal as its maximum

In this article, we derived an expression for cyclotron
frequency  c , which sets Re关 ⑀ ⫹ ⑀ ⫺ 兴 ⫽1 in the MO medium
at any incident photon energy, and thus high KR can be
obtained at any desired wavelength. Therefore, even though
high KR are known to occur at either free-charge-carrierplasma resonance frequency  p , or at frequencies where active electronic transitions take place, we have shown that
under framework of the Drude model 共by appropriate coupling of  and  c ) enhanced MOKE can be achieve at any
desired part of the optical spectrum, as seen in Fig. 2. Under
these conditions, it is seen that the magnitude of the KR in a
single MO 共InSb here兲 substrate has a sensitive dependence
on the choice of  p , the lower numerical value of which
results in higher KR.
The MOKE study was extended to the MO-layer/noblemetal configuration, where the surface plasmon of the noble
metal 共Ag here兲 is known to enhance the KR at its plasma
resonance frequency. This is seen to be true for this configuration, even under the present  c -coupling conditions. The
magnitude of the KR enhancement at the noble-metalplasma-resonance frequency was, however, seen to be dependent on the thickness of the MO layer and its  p . In the
effective ⑀ xx and ⑀ xy spectra, giant resonances are seen,
which are MO-layer-thickness dependent. We interpret these
resonance-like structures to be the effective-cyclotron resonance. This conclusion is deduced from the functional form
of dielectric tensor elements, in the free-carrier-Drude
model. Hence, under the present conditions and in the
present configuration, an effective-cyclotron frequency can
be generated, simply by varying the thickness of the MO
layer. Our results suggest that in the limit of minimum MOfilm thickness, the spectral location of the effective-cyclotron
resonance approaches the plasma-resonance frequency of
Ag. This conclusion was also verified by considering a generic model for noble metals.
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